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Abstract 

, Properties of (skew-symmetric) conformal Yano-Killing tensors are reviewed. 

Explicit forms of three symmetric conformal Killing tensors in Kerr spacetime 
are obtained from the Yano-Killing tensor. The relation between spin-2 fields 
and solutions to the Maxwell equations is used in the construction of a new con- 
served quantity which is quadratic in terms of the Weyl tensor. The formula 
(y-j ■ obtained is similar to the functional obtained from the Bel-Robinson tensor and 

is examined in Kerr spacetime. A new interpretation of the conserved quantity 
O | obtained is proposed. 

cr 

1 Introduction 

> : 

According to 28 one can define, in terms of spacetime curvature, two kinds of con- 
served quantities with the help of conformal Yano-Killing tensors (sometimes called 
conformal Killing forms or twistor forms, see e.g. [SD], |HHj, L 39|). The first kind is 
linear and the second quadratic with respect to the Weyl tensor but a basis for both 
of them is the Maxwell field. Conserved quantities which are linear with respect to 
CYK tensor were investigated many times (cf. CO, EI], [221, , EH, EH, El , EHJ) 
On the other hand, quadratic charges are less known and have usually been examined 
in terms of the Bel-Robinson tensor (see e.g. [Hj, [Z|, [121, P^P- 
In [2B] the following super-tensor was introduced 

TlivaPyS — 2 (Wn°<xpW v \g + W^rygWu" a /3 + W* ^apW* v ° \g + W* ^rysW* v ° a p) , (1.1) 

where W^ aa /3 is a spin-2 field (Weyl tensor) and by "*" we denote its dual W*^ va/ 3 : = 
\W^ vpa e pa a (cf. Section below) . The tensor T has the following algebraic prop- 
erties: 

Tnvaf3^8 T^wyScxP 1~(p,i>) [a/3] [7<5] , Tfivaf3^69^ , (1-2) 

*Partially supported by grants KBN 2 P03B 073 24 and EPSRC: EP/D032091/1. E-mail: 
Jacek . JezierskiOf uw . edu . pi 



1 



which are simple consequences of the definition (jl.ljl and spin-2 field properties (cf. 
Definition 0] below) . A contraction of T gives the Bel-Robinson tensor: 



rpBR 



n l35q- 

y 1 nva[3-/6 



Moreover, in j2H] the following properties 

of the tensor T are shown. They enable one to formulate the following 



;i.s) 



Theorem 1. If P, Q are CYK tensors, X is a conformal vector field and T obeys the 
properties hl.fy) and hl.ty then 

V (% vaPyS X v P aP Q^)=Q. 

The basis of Theorem ^ consists in the observation that the skew-symmetric tensor 



WpvapQ'* 13 fulfils Maxwell's equations. 



We summarize some relationships by the following diagram: 
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In electrodynamics the linear quantity corresponds to electric or magnetic charge 
and the quadratic one expresses the energy, linear momentum or angular momentum 
of the Maxwell field. In gravity both kinds of charges play a role of energy. The linear 
conserved quantities (as two-surface integrals) correspond to ADM mass and linear 
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or angular momentum but bilinear ones are not obviously related to energy. They 
rather play a role of energy estimates like in jT2j (cf. In this paper we propose 
an interpretation of our quadratic quantity. 

We present examples of both kinds of conserved quantities for a stationary rotating 
black hole described by Kerr spacetime. The linear charge measures (total) ADM mass 
of black hole in a quasi-local way. On the other hand, the quadratic functional we 
interpret as a rotational energy of the black hole which is not obvious. Moreover, 
we derive new conformal (symmetric) Killing tensors which enable one to construct 
additional constants of motion along null geodesies. 

This paper is organized as follows: In the next Section we call some basic facts 
about CYK two-forms in (pseudo-)Riemannian manifolds. Section 3 contains a small 
review about CYK tensors and their applications in four-dimensional spacetime. In 
Section 0] we specify our framework to the case of a stationary rotating black hole 
described by the Kerr metric. Section 5 is devoted to the conserved quantities which 
are quadratic in terms of the spin-2 field. One of these charges is applied in Section 
6 to the description of rotational energy of the Kerr black hole. To clarify the ex- 
position some of the technical results and proofs have been shifted to the appendix. 
Moreover, in Appendix B we have placed one theorem about CYK tensors on compact 
Riemannian manifolds. 

2 A short course about CYK tensors 

Let M be an n-dimensional (n > 1) manifold with a Riemannian or pseudo- Riemannian 
metric g^. The covariant derivative associated with the Levi-Civita connection will 
be denoted by V or just by By T. u u \„ we will denote the symmetric part and 
by ^..[/i^]... the skew-symmetric part of tensor T.. MJ ,„ with respect to indices fi and v 
(analogous symbols will be used for more indices). 

Let Q^u be a skew-symmetric tensor field (two-form) on M and let us denote by 
Q\Ka a (three-index) tensor which is defined as follows: 

2 

QxnaiQ, 9) ■= Qxk;ct + Qan;X T igaxQ" k;u + g K (xQ erf ;y) • (2.1) 

n — 1 

The object Q has the following algebraic properties 

Qxw9* = = Qx^9 Xk , Qx^ = QfiKX , (2.2) 
i.e. it is traceless and partially symmetric. 

Definition 1. A skew-symmetric tensor is a conformal Yano-Killing tensor (or 
simply CYK tensor) for the metric g iff QxKa(Q,g) = 0. 

In other words, is a conformal Yano-Killing tensor if it fulfils the following 
equation: 

2 

Qxn-a + Qvk;X = k;u + g K (xQ a)^ (2.3) 
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(first proposed by Tachibana and Kashiwada, cf. [32]). 

A more abstract way with no indices of describing a CYK tensor can be found in 
[3], j^Dl, j3H] or 39J, where it is considered as the element of the kernel of the twistor 
operator Q — > T wist Q defined 1 as follows: 

VX T mst Q(X) := V X Q - -^-Ij dQ + ?— -g(X) A d*Q . 

p+1 n — p+1 

However, to simplify the exposition, we prefer abstract index notation which also 
seems to be more popular. 

Equation ()2.3|) may be transformed into the following equivalent form: 

3 

Q\(k;c) — Q k(\;cj) + _ ^ 9<t[\Qk\ ;6 = (2.4) 

and this is a generalization of the equation 

<3a(k;<t) — Qk{\;<j) + ^a[\Q k] ;8 = , (2.5) 

which appeared in jSH] as the equation for skew-symmetric tensor field in Minkowski 
spacetime with the metric rj^. We will show in the sequel that, as in equa- 
tion ()2.3|) enables one to use Q^ u for defining conserved charges associated with the 
Weyl tensor. 

Using the following symbol: 

^■=Q v K u, (2.6) 
we can rewrite equation ()2.3|) in the form: 



2 

n — 1 

Let us notice that if £^ = 0, then fulfils the equation: 

Qa k;ct + Quk\\ = . (2.8) 

Skew-symmetric tensors fulfiling equation ()2.8j) are called in the literature Yano ten- 
sors (or Yano-Killing tensors; see j^j, [TH], [10], jH] ). It is obvious that a two-form 
Qn V is a Yano tensor iff Q^ u -\ is totally skew-symmetric in all indices. So, if Q^ v 
fulfils ()2.8|h then ^ = g KX Q K ^\ = (because (? kA is symmetric in its indices). That 
means that each Yano tensor is a conformal Yano-Killing tensor, but not the other 

1 Obviously T W i S tQ corresponds to tensor Q(Q,g) (in abstract index notation). Here X is a vector 
field, Q is ap-form, g : TM — > T*M is a Riemannian metric, d* denotes coderivative etc. Conformal 
Killing p- forms are defined with the help of natural differential operators on Riemannian manifolds. 
We know from the representation theory of the orthogonal group, that the space of p-form valued 
one-forms (T*M (^) f\ p T*M) decomposes into the orthogonal and irreducible sum of forms of degree 
p+1 (which gives the exterior differential d), the forms of degree p — 1 (defined by the coderivative 
d*) and the trace- free part of the partial symmetrization (the corresponding first order operator is 
denoted by T wist ). 
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way around. The necessary and sufficient condition for a CYK tensor to be a Yano 
tensor is the vanishing of 

CYK tensors are the conformal generalization of Yano tensors. More precisely, for 
any positive function Q on M the tensor Q transforms with respect to the conformal 
rescaling as follows: 

Qxkct (Qi flO = n- 3 Q XKa (n 3 Q,n 2 g ) , (2.9) 

which implies the following 

Theorem 2. IfQ^u is a CYK tensor for the metric g^, then VftQ^ is a CYK tensor 
for the conformally rescaled metric fl 2 g tiu . 

Proof of the formula (|2.9|) is given in Appendix El The form of equation (J2.8)) does 
not remain unchanged under conformal rescaling. But that equation is a particular 
case of equation ()2.3|) whose form remains unchanged under such a transformation. 
That means that if Q is a Yano tensor of the metric g, then although in general Q 3 Q 
is not a Yano tensor of the metric fl 2 g, it is a CYK tensor. In this sense equation (J2.3I) 
is a conformal generalization of equation (J2.8j) . 



2.1 The connection between CYK tensors and Killing tensors 

It is a known fact that the "square" of a Yano tensor is a Killing tensor. It turns out 
that in the same way CYK tensors are connected with conformal Killing tensors. In 
the following definitions we will restrict ourselves to the Killing tensors and conformal 
Killing tensors of rank 2, although one can consider tensors of any rank 



Definition 2. A symmetric tensor A^ u is a Killing tensor iff it fulfils the equation: 

A ifll/ . K) = 0. (2.10) 

Definition 3. A symmetric tensor A^ u is a conformal Killing tensor iff it fulfils the 
equation: 

A {^;n) = 9(^A K) (2.11) 

for a certain covector A K . 

It is obvious that equation (|2.10|) is a particular case of (|2.1ip . It is easy to see that 
the covector A K is unambiguously determined by equation (|2.11|) (it can be shown e.g. 
by contracting the equation with g^ v ). To be more precise: 

A K = — — ^ (2A^ K; ^ + A^^ K ). 

From the above definitions one can easily see that a (conformal) Killing tensor is a 
generalization of a (conformal) Killing vector (cf. [TU], jSZl, jH], 

Obviously, if Q^ v is a skew-symmetric tensor, then A^ defined by the formula 

V = Q»xQ\ (2.12) 
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is a symmetric tensor. It turns out that if a skew-symmetric tensor Q^ v fulfils equa- 
tion (JZ3J) (it is a CYK tensor), then defined by (TTH?j) fulfils equation (gTEj) with 



A« = -Q k A Qa 5 ; «5 (2.13) 

n — 1 

(therefore - since A^ u is symmetric - it is a conformal Killing tensor). If Q^ u is a 
Yano tensor, then A K defined by formula (|2.13|) vanishes, thus A^ v (defined by (|2.12|0 
is a Killing tensor. That enables one to formulate the following (cf. Prop. 5.1. in jTHj 
or 35.44 in gO]) 

Theorem 3. // Q^ u and P^ u are (conformal) Yano-Killing tensors, then the sym- 
metrized product A^ u := Q\(fj,P v ) X is a (conformal) Killing tensor. 

Proof. Let Q^ v and P^ be conformal Yano-Killing tensors. We have then 



2 . v 



and 



2 

n — 1 

where £ M = and C M = P v w Contracting the first of the above equations with 



A,^i D A_ 2 / „ t d A 1 - . ! 



, we get 

Q k\\(jPv Q<j\:k,Pv T ( 9<tk^\Pv ~zPvk£,(T ~zPvcr^K ) • 

n — 1 \ 2 2 / 

Symmetrizing this equation in k, a and ^, we get (since P is skew-symmetric) 

<5a(k;ct-Pi/) A = t9(kctPv) X £\- 

n — 1 

Analogously we get 

<3a(k-Pi/;<t) = -g(K(rQu) X C,\- 

Finally, if A KU := Q X ( K Pu) X , then 

A( K1/;a ) = (Q\( K Pv X ) ;cr) = Q\(k;o-Pv) X + Q \(kPi; X ;a) 



n 

where 



— j- (g( K aPu) X £\ + 5 , ( kct Qi/) A Ca) = g( K vA a ) 



A u :=^—(P X ^x + Q X uCx)- 
n — 1 

This means that A KU is a conformal Killing tensor. If now Q and P are Yano tensors, 
then £ M = £ M = 0, which implies A M = 0. In that case A KV is a Killing tensor. 

□ 
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2.2 The connection between CYK tensors and Killing vectors 

Let us denote by R a the Riemann tensor describing the curvature of the manifold 
(M,g). We use now an integrability condition 

2Q \n;u[i — T ij)\^K,;u 9v\^k;^i 9fJ.u^K;X 9k(\£,[i);v + 9k{^v);\ — 9k{u£,\);h) 

~\~Q o\R KpuV Qafj,R kXu ~\~ QauR reA/x ~\~ ^QauR [iv\ j (2-14) 

which we prove in Appendix iBl 

A contraction in indices k and v gives us: 

<?ma£% + (" - 2)^ ; a) = (n - I^Qa)" , (2.15) 

where by i?^ we denote the Ricci tensor of the metric g^ u . Taking the trace of (|2.15j) 
we obtain: 

(2n - 2)fV = (n - = , 

where the last equality results from the fact that R afi is a symmetric tensor and Q^ a 
is a skew-symmetric one. Therefore, we have £ a . a = which, for n > 2, implies 

72 — 1 

£(m;A) = -^^Ra^Qxf- (2.16) 

If M is an Einstein manifold, i.e. its Ricci tensor R^ u is proportional to its metric 
g^v, then using equation ()2.16|) we obtain 

11 — 1 Tl — 1 

Here R^ v = —Xg^ and by A we denote a cosmological constant. The condition 
£(>;A) = means that £ M is a Killing vector field of the metric g^ v . That enables one 
to formulate the following 

Theorem 4. If g^ is a solution of the vacuum Einstein equations with cosmological 
constant and is its CYK tensor, then £ M = V U Q U>1 is a Killing vector field of the 
metric g^ v . 

Let us notice that this fact reduces the number of Einstein metrics possessing a 
nontrivial CYK tensor. The existence of a solution of equation (|2.3j) which is not a 
Yano tensor implies that our manifold M has at least one symmetry. In the case of a 
Yano tensor that does not have to be true. 



3 CYK tensors in four dimensions 

In the following Section we restrict ourselves to an oriented manifold M with dimen- 
sion n = 4. It turns out that in this case conformal Yano-Killing tensors possess some 
additional properties. 
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3.1 Hodge duality 



In the space of differential forms of an oriented manifold one can define a mapping 
called a Hodge duality (Hodge star). It assigns to every p-form a (n — p)-form (n is 
the dimension of the manifold). We consider the case of n = 4 and p = 2. The Hodge 
star then becomes a mapping which assigns to a two-form u a two-form *u. Using 
coordinates we can express this mapping in the following way: 

*cj a/3 := -Eap^Unv , (3.1) 

where Ea^v is the skew-symmetric Levi-Civita tensor 2 determining the orientation 
of the manifold {^aPuv dx a A dx 13 A da; M A dx u is the volume form of the manifold 
M). For Riemannian metrics (with the positive signature) we have * * uj = uj while 
for Lorentzian metrics the negative sign appears * * uj = —uj (we keep assuming that 
it) is a two-form defined on a four- dimensional manifold M). The last equality shows 
that in the Lorentzian case we cannot have *uj = ±u, whereas for positive metrics it 
is possible. If *uj = u> (*u = —uj), we say that uj is selfdual (anti-selfdual). 

Due to a CYK tensor being a two-form, it is reasonable to ask what are the 
properties of its dual. Let Q be a conformal Yano-Killing tensor and *Q its dual. 
Moreover, similarly to £^ = V u Q Ufl (cf. (I2.6jl ) let us introduce the following covector 

X,-=^ u *Qu,- (3.2) 
Contracting ()3.2j) with \e a [i XK we obtain 
2 1 

V CT *Q a) 3 = -ga{aXp] + 2 £ <x0™£ K ■ (3-3) 
If we multiply equation (j3.3j) by \e^ v af5 , we obtain the analogous equality: 



Qfiu\a = ^9a[^u] ± -S^crpX ■ (3-4) 

The plus sign in equation ()3.4|) refers to metrics with the positive determinant and 
the minus sign refers to metrics with the negative one. 

If we symmetrize equation ()3.3|) in indices a and a, we receive the following equal- 
ity: 

2 

*Qaf3;a + *Qafra = ~ (gaaX/3 ~ 9f3(aXa)) ■ (3.5) 

It is not hard to recognize that this is equation ()2.3|) for the tensor *Q. It proves the 
following 

2 It can be defined by the formula e a p^v = \/\ det g^ap^v, where 

{+1 if ufiiiv is an even permutation of 0, 1, 2, 3 
— 1 if aPuv is an odd permutation of 0, 1, 2, 3 
in any other case 
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Theorem 5. Let g^ v be a metric of a four- dimensional differential manifold M . A 
skew- symmetric tensor is a CYK tensor of the metric iff its dual *Q lxv is a 
CYK tensor of this metric. 

The above theorem implies that for every four-dimensional manifold solutions of 
equation (|2.3|) appear in pairs - to each solution we can assign the solution dual to it 
(in the Hodge duality sense). Now we can observe that equation (|3.4j) is equation (|3.3|) . 
in which Q was replaced by *Q (± in equation ()3.4|) reflects the fact that **Q = ±Q). 

Theorems 0] and 03 imply that an Einstein metric for which there exists a solution 
of equation (|2.3|) has in general two symmetries. However, it does not have to be so if 
at least one of the fields £ M or x^ 1 is equal to zero (i.e. at least one of the CYK tensors 
is a Yano tensor) or if those fields are not linearly independent (% M = c£ M , c = const.). 

3.2 Spin-2 field 

In order to be able to use conformal Yano-Killing tensors for the construction of 
charges in general relativity we have to introduce the notion of a spin-2 field. For the 
purpose of this paper we introduce the following definition. 

Definition 4. The tensor field W a p^ v is called a spin-2 field iff the following equations 
are fulfiled: 



WaPH = °> 9 afl W a ^ u = (3.6) 

and 

V [A W Ha/3 = 0. (3.7) 

According to the above definition the spin-2 field is any Riemann tensor of a 
vacuum metric (i.e. Ricci flat metric), as well as any Weyl tensor of linearized Einstein 
theory. Equations ()3.7|) (which in the case of being a Riemann tensor are simply 

Bianchi identities) can be treated as the field equations for W^aP- 

Wfj, ua /3 is skew-symmetric both in the first and the second pair of indices and to 
both of them the Hodge star can be applied. We denote 

One can show that 



*w = W*, *{*W) = *w* = ±w. 

The "+" sign in the above equation refers to (positive) Riemannian metrics and the 
"— " sign refers to Lorentzian metrics. One can also show that if W is a spin-2 field, 
then *W (and consequently W*) is a spin-2 field as well. If we assume that W fulfils 
equations (|3.6p . then the following equivalences are satisfied: 

V [x W HaP = V^^ = 

^ V [a *Wh«0 = ^ V^W^p = . (3.8) 
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3.3 The relation between CYK tensors and spin-2 fields 

Let W^vap be a spin-2 field and Q^ v be any skew-symmetric tensor. Let us denote by 
F the following two-form 

WQ) :=W^ Xk Q Xk . (3.9) 

The following formula is satisfied: 

V V F^(W,Q) = ^W^Q af3u (Q,g) (3.10) 
which may be argued as follows: 



Proof. Let us notice firstly that due to W^ va p being traceless we have: 
W^Q aPv = W^{Q aP , v + Q vP . a ) = (W^ at3 + W^)Q aP;v 

2 2 

= \w^Q aP , v , (3.11) 

where we have used the fact that Q a p- V is skew-symmetric in indices a and (3 and 
W^ va ^ = 0. Using the above formula ()3.11|) and properties ()3.8|) of a spin-2 field 
we obtain the final result 

V U F^(W,Q) = V, (W^Q aP ) = {V v W^)Q aP + W^ aP {V v Q a p) 

□ 

Definition [U means that Q a /3u(Q,g) = 0, hence for a CYK tensor Q^ u we have 
V V F^{W, Q) = . (3.12) 
Let V be a three-volume and dV its boundary. Formula ()3.12|) implies 3 

/ F^(W,Q)da fiV = [ V u F^(W,Q)d^ = 0, 

JdV JV 

which means that the flux of F^ u through any two-dimensional closed surfaces Si and 
S*2 is the same as long as we are able to find a three-volume V between them (i.e. 
there exists V such that dV = Si U S , 2 ). In this sense Q^ v defines a charge related to 
the spin-2 field 4 W. 

We shall prove now the following 

3 Symbols da^ v and d£ M can be defined in the following way: if fl stands for the volume form of 
the manifold M, then da^ := (d^ A c*„)jf2, dS M := c^jfi. 

4 Equation H3.10[l can be also used to define asymptotic charges of an asymptotically flat space. Let 
St be the family of closed two-dimensional surfaces going to spatial infinity with t — * oo. The formula 
linif^oo J s F^(Q,g) da^ defines a quantity (an asymptotic charge) which does not depend on the 
choice of the family S t as long as Q^piQ, g) goes to zero in spatial infinity fast enough (see \22\ . 

12a, m)- 
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Theorem 6. Let W be a spin- 2 field and Q be a conformal Yano-Killing tensor, 
then a skew-symmetric tensor defined by the formula h8. fJ\) satisfies the vacuum 
Maxwell equations, i.e. 

V A F M = = V A *i^\ (3.13) 

where *F^ X = \e px pa F pa . 

Proof. The first of equations (|3.13|) is simply equation (|3.1U|) (since Q a p v {Qi g) = for 
Q being a CYK tensor). The second equation is a simple consequence of the fact that 
*F(W, Q) = F(*W, Q) = F(W*, Q) = F(W, *Q) and that *Q is a CYK tensor. □ 

Theorem El implies that a charge defined by the surface integral L F pv da pv is 
the "electromagnetic" charge of the field F pv ' . More precisely, due to the Levi-Civita 
connection being torsionless, we have 

V[a-F kp ] = d[\F Kp] . 
Moreover, 

= V A *F pX = V A (^ AKp F Kp ) = \e^ Kp F Kp , x = l -e^ p F Kp + . (3.14) 

Multiplying the above equality by we get ^[^,7] = 0, which simply means that 

dF = 0. The formula (ETHj) obviously implies that if dF = 0, then V A *F px = 0. 
This means that the equalities ()3.13|) are equivalent to the following equations: 

dF = = d*F. (3.15) 



3.4 CYK tensors in Minkowski spacetime 

Let M be the Minkowski space and {x p ) Cartesian coordinates on M. We have then 
9pu — Vpv := diag(— 1, 1, 1, 1). Taking into account that the Riemann tensor of the 
metric ri pv vanishes and, in coordinates x p , covariant derivative is the same as ordinary 
derivative (we change ,, ; " into ,, , "), equation (jB.4|) takes the following form: 

Q\k,vh = ~ (j]XhCk,v + Vv\£k,ij, - V(j,uC,k,\ - Vk(x£h),v + Vk(p£u),X ~ Vk(v£\),^ , (3.16) 

where Q pu is a CYK tensor on M and = d p Q pv . According to Theorem vanishing 
of the Ricci tensor implies that £ M is a Killing vector of the metric 7] pv . It is well known 
that in the Minkowski spacetime the space of Killing fields is spanned by the fields 

d d d 

T »' = d&> C ^ :=X "dx^~ Xu dx^ (3,17) 

(where x p = f] pu x u ). It means that components of the vector £ M in coordinates (x p ) are 
polynomials of degree one in variables x p . Equation ()3.16|) implies that coordinates 
of the tensor Q pu also have to be polynomials of degree at most two. We have then 
Qnv = Q (0 \v + Q {1 \v + Q (2 \u, where Q (i) pu is a monomial of degree i. If we use this 
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decomposition in equation ()2.3j) . it becomes obvious that each tensor Q ( '\ u has to 
fulfil it separately. Let us see what conditions it imposes on those monomials. 

First, it is easy to see that every constant skew-symmetric tensor fulfils equa- 
tion ()2.3|) and therefore Q (0) M „ stays undetermined. Let us focus then on We 
can write Q {1 \ v = A fiucr x a , where A^ va is a certain constant tensor (skew-symmetric 
in indices /i and v). Q w ^ u is linear in x M and therefore £ (1>u := Q {1)pv yP cannot 
depend on x M . We have then = w M , where u p denotes a certain constant vec- 
tor. The equation Q w ^ u i/L4 = u v reduces to rf° = u v . Decomposing A^ as 
A^ ua = IvalvUv] + B^ ua we get B^ va = B^ a and rj^B^ = 0. Simple calculation 
shows that Q (1 '\ u := \r\ a \ Pb u v ^x CJ = ^x^u^ satisfies equation ()2.3|) . which means that 
tensor Q {1 "\ v : = B pva x a also satisfies it. Yet Q {1 " )pu tP := rf° ' B pva = 0, which means 
that Q (1 \ u ,a + Q {lll) au,n = B^ V(T + B au ^ = 0. The last equation is equivalent to the 
statement that B^ va = B^ va y Since Q {1 "\ v is a CYK tensor linear in *Q (1 " ) flu also 
has this property, and what follows *Q (1 )M ^ jAt = v u for a certain constant vector v v . 
The last equation can be written as \e appv B pva = v p . Multiplying it by e pa ^ we get 
£ P af3-yV p = \5 apu 'afrB^v = 3B [a)3 ^ = 3B a ^. Therefore Q {1 "\ u = le pupa v p x a . Finally 
Q (1 \u = \ x [ti u v\ + l£fiu P aV p x a , where u p and v p are any constant vectors. It is easy 
to check that every tensor of this form fulfils equation (|2.3j) . 

The last thing is computing Q (2 \ v . We observe first that the components of the 
vector ^ 2)v := Q {2)PjV iAt in the coordinates (x^) are monomials of degree one in variables 
x^. All Killing fields with this property have the form k pv L pv = k pu (x p d v — x v d p ) = 
2k Pj u x p d u , where k pu is a certain constant skew-symmetric tensor. Then let k pv be such 
that £ (2) M = k pv x u . Q {2) pu can be always written in the form Q {2 \ v = ^C pua /3 x a x 13 , 
where C^ a ^ is a certain constant tensor such that C^ap = C[H (<*/?)• It is easy to 
compute that Q {2 \^ a = C^px 13 , and it follows that ^ {2) u = rj^C^apx 13 = k v px^ ' . 
Due to the freedom of choice of x 13 we can write T] m C '^ap — k u p. Let us try to 
decompose C^ va p in a similar way as before: as the sum of "trace" and "traceless" 
parts. Let 

Cftva/3 = arjalnKjP + 0-Vl3[pK]a + bk^r/ap + , (3.18) 

where a and b are constants, which we may choose freely, and D pva p is a certain 
constant tensor. The above formula and the properties of C pva p imply that D^ va p = 
D[ pu ]( a /3)- We also have 

Kn = V^Cpuafs = (2a - b)k V + r] pa D^ afj . 

Choosing a and b such that 2a — b = 1, we get r} IMX D = 0. If we use the formula 
Q (2 \ u = 2^/3 x a x lS in equation ()2.3|) then (after using the decomposition ()3.18j) and 
ordering of terms) we obtain: 

(2 \ ( 1 1 3 3 

D pua p + D aufl p = I — — a J \ T)fjxx.K v p — -^Tj ua k p p — —TJftvkap — —TJpftkvQ, — —'f] a pk l/fl 

It is easily seen that if we assume a = | (which means b = 2a — 1 = |), then D pva p has 
to satisfy the equation D pua p = —D aup p. Taking into account that D pua p = D[^ a p), 
we get: 
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But that means that D^ ya p is at the same time symmetric and skew-symmetric in 
indices a and j3 (and in fi and v as well), and therefore is identically equal to zero. 
Finally, we get that 

Q (2 \u = (^ValiJ,k„]P + 7^/3[/A]« + ^KvVaf^J X a X P 

2 p 1 p 

Summarizing the above considerations, we can write the general form of a solution 
of equation ()2.3|) in Minkowski spacetime: 

QP» = <f + -xK" ] + -e^ KX v K x x + -x^k^xx + -k^x x x x , (3.19) 
3 3 3 6 

where q^ v and k^ u are any constant skew-symmetric tensors, and and v M are any 
constant vectors. = Q^ h ' tft for Q^ v given by formula 1)3.19)1 is equal to ^ = + 
k^ v x v . Obviously each tensor q^ u and W has six independent components, and each 
vector u M and v M has four independent components, which means that the space of 
solutions of equation (j2.3j) in Minkowski spacetime is twenty-dimensional 5 . 
Let us denote by V a dilation vector field: 

P: =,*A, ,3.20) 

which is involved together with Killing fields 7^ and £ M „ (cf. (j3.17jl ) in the following 
commutation relations: 

[T M ,D] = %, [V,C a p] =0, 

Obviously 7^ and are generators of the Poincare group. After adding V, we get a 
set of generators of the pseudo-similarity group (Poincare group extended by scaling 
transformation generated by T>). Formula ()3.19)1 implies that the following tensors 
(for n < v) form a basis in the space of solutions of equation ()2.5jl : 

%N%, VA%, *(DAT M ), PA^-^(P,%AT,. (3.21) 

Ten of the above CYK tensors, namely 7^ A T u and *(T> A 7^), are Yano tensors. 

5 This is the maximal number of solutions which is achieved by any conformally flat manifold. 
In general, for the CYK p-forms in an n-dimensional Riemannian manifold M this number equals 

( p ^ ^ V Moreover, if a manifold M admits the maximal possible number of linear independent 

conformal Yano-Killing p-forms, then it is conformally flat. 



13 



Using the basis (j3.21j) we can represent any CYK tensor in Minkowski spacetime 
as follows: 

Q = <f % A % + fi" V A % + v<**(VA %) + k^(V A - X -J]{V y V)% A %) , 

where q^ u and k^ u are certain constant skew-symmetric tensors, whereas and 
are certain constant vectors. 

Let W be a spin-2 field in Minkowski spacetime. We already know that every 
CYK tensor defines a certain conserved quantity related to the field W. Let us write 
out the charges given by tensors (j3.21j) . We have: 



-i- / W(T,AT U ), (3.22) 



Pp-=W- I W ( VA V> (3-23) 

107T ./g E 



^ : =77- / ^ AT A (3-24) 
16vr ./as 



where the notation W(A A B) is to be understood as a pA a B 13 da^ v . The factor 
77T- was introduced for normalization. 

107T 

When is the Weyl tensor of the linearized Einstein theory, p M turns out to be 
its momentum, — its dual momentum, and j M „ — its angular momentum tensor 6 
(see j2H])- In general, there might also be non- vanishing charges w^. However, if we 
assume that W = O(^) (which is a typical situation), then = 0. In this case 
there are only 14 nontrivial charges but we do not know any local (i.e. using only field 
equation) argument for this being a general rule. It turns out that vanishing of is 
necessary for defining angular momentum of the field at future null infinity (see [2*2*] . 

EE]). 

We do not have to restrict ourselves in the above considerations only to the case 
of Minkowski spacetime. All that what was written above can be easily adapted to 
the case of asymptotically flat spacetime. By asymptotically flat spacetime we mean 
a manifold M with a metric g and a set of coordinates (x M ) such that components of 
g satisfy the following conditions: 

9^ ~ Vim = ( \ J > 5W = ( i ) > (3-26) 



6 These identifications justify the use of the normalizing factor — 
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where r := (Ylk=i( xk ) 2 ) 2 > an< ^ ^ = diag(— 1, 1, 1, 1). The coordinates (x 11 ) do not 
have to be global coordinates on M. It is sufficient for them to be defined for r 
greater than some r (that means that each set of four numbers (x°, x 1 , x 2 , x 3 ), for 
which r > r , defines some point of M). 

Now, let W be a spin-2 field defined on M. If the metric admits solutions of equa- 
tion (|2.3|) . which for r going to infinity go to tensor DA 7^, then we say that p M defined 
by the formula ()3.23|) defines the \x component of the momentum of the field W. Sim- 
ilarly, we can define dual momentum and angular momentum of the field W, provided 
that the metric admits CYK tensors with appropriate asymptotic behavior at 
spatial infinity 



4 CYK tensor and related objects in Kerr space- 
time 

The Kerr solution to the vacuum Einstein equations is the metric g which in a certain 
coordinate system (t, r, 9, 0) has the form: 

g = g tt dt 2 + 2g t(f) dt d(f> + g„ dr 2 + g ee dd 2 + g H d(p 2 , (4.1) 

where 

2mr 2mra sin 2 9 p 2 2 

9tt = — 1 H 5-, gt<t> = ' 9rr — 7-' 9ee = P , 

p 2 p 2 A 



2mra 2 sin 2 6 



sin 2 9[r 2 + a 2 + "" u ' 1 * r " ) , (4.2) 



with 

p 2 = r 2 + a 2 cos 2 9 and A = r 2 - 2mr + a 2 . (4.3) 

This metric describes a rotating black hole of mass m and angular momentum J = am. 
The advantage of the above coordinates (called Boyer-Lindquist coordinates) is that 
for r much greater than m and a 



g - dt 2 + dr 2 + r 2 d9 2 + r 2 sin 2 9 d0 2 , 



which shows that g approximates the flat metric for r going to infinity. It is not hard 
to see that equations (|3.26|) are satisfied, which means that g is an asymptotically 
flat metric. However, for r equal to r± := m ± V m 2 — a 2 the component g rr is 
singular (due to A(r = r±) — 0). A much better coordinate system for describing the 
Kerr metric near the surfaces r = r± is Eddington-Finkelstein coordinates: (i>, r, 0, 0), 
where r and 9 are the same as before whereas v and <j) are related to Boyer-Lindquist 
coordinates via the following formulae: 

t 2 -\- a, 2 ~ ct 

dv = dt H — — dr, d<p = d<p + — dr. 
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In Eddington-Finkelstein coordinates g has the form: 

g = g vv dv 2 + 2g v j, dv d(f> + 2g r ^ dr d(f> + 2g rv dr dv + gee d9 2 + 

where 

9w = gu, g v j, = gt<t>, g r j> = ~ a sin2 e > 



9rv 1) 

It can be easily seen that now singularities are absent. Nevertheless, in our consider- 
ations we will mostly use Boyer-Lindquist coordinates. 

A natural question arises: what are the solutions of equation (J2.3)) for a rotating 
black hole described by the Kerr metric? Finding the form of the general CYK tensor 
in Minkowski spacetime turned out to be quite an easy task, but now the situation is 
not so simple, as we are dealing with quite a complicated overdetermined system of 
differential equations for components Q^. However, there is known in the literature 
(see [in], jH]) one solution 7 

Y := Qkcw = rsin6>d6>A [{r 2 + a 2 ) d(p -adt] +acos9drA (dt -asm 2 9d(p) . (4.4) 

Strictly speaking, it is a solution 8 of equation ()2.8|) (i.e. Yano tensor), which - as we 
know - is a special case of equation (|2.3|) . It means that £ M := Y V ^ )V = 0. 

Since the Kerr metric is asymptotically flat, in the neighborhood of spatial 
infinity should be of the form (|3.19|) . Indeed, asymptotically this tensor looks as 
follows: 

Y = r 3 sin#d#A d0 + O(l) = *(% A V) + O (1) . 

From (|3.24j) we see that a charge related to Y^ is simply —bo = b°, which represents 
dual energy. The Riemann tensor R^pa of (Ricci flat) Kerr spacetime is simultane- 
ously a Weyl tensor and fulfils properties from Definition 0] of a spin-2 field. Hence 
we obtain: 

^ . 4ma sin 9 (r 2 — a 2 cos 2 9) , ,„ 8marcos9 , 
F(R, Y) = K — '- dt A d^ + dt A dr 

4m sin ^ (r 2 + a 2 ) (r 2 — a 2 cos 2 9) ,„ 

H -r d0 A d0 

P 

8ma 2 r cos # sin 2 , , . 

H r dr A d0 , (4.5) 

P 

where according to (|3.9|) F^ U (R,Y) := _R m ^ Ak F Ak . We have used symbolic software 
like Mathematica and Waterloo Maple to check the result 1)4.50 . 

7 According to [22 this is also valid for the charged Kerr solution. Penrose and Walker suggest in 
[H] than it may be even generalized to the case with cosmological constant. For example, it would 
be nice to check explicitly existence of CYK tensor for Kerr-Newman-AdS black hole. 

8 To avoid confusion we denote this particular solution by Y. 
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Direct integration of F(R,Y) on a sphere r = const, and t = const, gives 
' f F» u (R,Y)da^ = 



16n 



S 



which means that the dual energy of the Kerr black hole vanishes. 
Theorem |3] implies that the dual tensor: 

*Y = a cos 6 sin 6 d6 A [(r 2 + a 2 ) d<p-adt] +rdr A (asin 2 6»d0- dt) (4.6) 

is also a CYK tensor in Kerr spacetime. The two-form *Y is closed 9 (i.e. d* Y = 0). 
On the other hand, dY = 3p 2 sm6d6 A d</> A dr = 3d t jQ = 3dS t (where Q = 
p 2 sin 6 dt A d# A d<p A dr is a volume form) and a vector field \ = *Y fJ-u - fl d u = 3dt 
is not vanishing. This implies that *Y is a Killing potential which satisfies the CYK 
equation (cf. [2U]). 

The asymptotics of tensor *Y look as follows: 

*Y = rd r Ad t + O ( - ] = T>AT + o(- 
\r J \r 

From (|3.23|) we obtain that the charge related to *Y is po and corresponds to the 
energy. We have: 

,, s 8ma 2 r sin 6 1 cos ,„ , 4m(r 2 — a 2 cos 2 0) , 
*Y) = — d9 A dt + i — '- dt A dr 

8mar sin 9 cos 9(r 2 + a 2 ) 

H -: — d0 A d6> 

P 

4ma sin 2 #(r 2 — a 2 cos 2 6) 
+ K — dr A d(f) . (4.7) 

Integration over a sphere r = const, and t = const, gives 

/ *F^(R, Y) d<v = -m , (4.8) 

167T J s 

which means that the total energy (mass) of the Kerr black hole equals m. Formula 
()4.8|) expresses mass of a rotating black hole quasi-locally. 

Let us denote by A and A' the potentials of the closed two-forms F(R, Y) and 
F(R,*Y) respectively (cf. EM ), i- e - F ( R , Y ) = dA and F(R,*Y) = dA! . In 
Boyer-Lindquist coordinates they look as follows 

4ma cos 6 , 4m cos 9 (r 2 + a 2 ) , , , , 

A = ^ dt 1 i d0, (4.9) 

p z p A 



,, , 4mr \ , 4marsin 2 6 l , , . 
A' = — - 2 dt 5 d<t>. (4.10) 



P 2 / P 2 



3 y is a Killing- Yano tensor and corresponding covector £ vanishes. 
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The one-forms A and A' are always well defined locally. It turns out that potential A' 
is global, but A is well defined except at 9 = and 9 = ir. Formulae (|4.9j) - (|4.1U|) are 
obviously not unique, the potentials A and A' are given up to the gauge A — > A + df 
and A' — > A'+ df, where / and /' are arbitrary functions. We would like to stress that 
A is essentially singular, i.e. all potentials for F(R,Y) have the same singularity 10 . 
The result is not surprising because the two- form —F(R, *Y) describes the "electric" 
charge m hidden under horizon. Its dual two- form F(R, Y) describes the "magnetic" 
charge and corresponds to a Dirac monopole. This explains why potential A is not 
global. 

Passing from covectors A and A 1 to vector fields we obtain 

, , A , 4ma cos 9 „ 4m cos 9 n , 

9-\A) = dt - -r-^di, 4.11 

p z p l sin 9 

and 

g-\A') = 2d t . (4.12) 

In particular, g~ 1 (A') is a Killing vector field which implies that F(R, *Y) is a Papa- 
petrou field 11 . 

The Kerr metric is a special case of the electrovac Kerr-Newman metric 12 de- 
scribing a rotating black hole with electric charge q. It turns out that the two-form 
F(R, *Y) (given by (|4.7Jl ) is related to the Maxwell field F K _ N describing electromag- 
netic field in Kerr-Newman spacetime. More precisely, both fields have the same 
form up to the exchange of constants q and —4m. For the Kerr-Newman solution the 
corresponding electromagnetic tensor F K . N has the following property: 

4t?? 

F(W, *Y) = - lim F K _ N . 

q^O q 

Finishing this Section let us pass to Eddington-Finkelstein coordinates. Formu- 
lae ()4.4j) - (j4.7|) and (j4.11|) - ()4.12|) take a similar form which corresponds to the change 
of the names of coordinates from t to v and <p to <p respectively. We have 



Y = r sin 9 d9 A 



(r 2 + a 2 ) d(f) — adv + a cos 9 dr A ( dv — a sin 2 9 d^j 



10 Let us denote by B a gauge equivalent potential to A i.e. B = A + df. Integrating A and B 
along a curve t = const., r = const., 8 = const., < < 2tt we obtain the same result because 
the function / has to be periodic, /(</> = 2ir) — f(<fi = 0) = 0. For regular B in the limit 6 — > or 

8 — > 7r our curve goes to a point and the corresponding integral has to vanish. On the other hand, 
integrating A we obtain 87rmcos0 (r 2 + a 2 ) /p 2 , which converges to 87rm (r 2 + a 2 ) / p 2 for 8 — > or 

9 — > 7T. 

11 Papapetrou (cf. JSIj [HI]) pointed out that if X is a Killing vector field for metric g then 
F := d (g(K)) fulfils the Maxwell equations with current j M := V K V ', where is Ricci tensor. 
In particular, for Ricci flat metric g the two-form F is a solution to vacuum Maxwell equations. 

12 In Boyer-Lindquist coordinates we have 

ffK . N = (dt - a sin 2 8dq>) 2 + ^ Ur 2 + a 2 ) d0 - a dt) 2 + £ dr 2 + p 2 d8 2 , 
pz pi 'A 

where A = r 2 — 2mr + a 2 + q 2 and p 2 = r 2 + a 2 cos 2 8. Moreover, the vector potential A K _ N — 
qr (dt — a sin 2 8 dip) / p 2 is associated with the electromagnetic two- form F k _n = dA K _N- Obviously, 
for q = we obtain the Kerr metric. 
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*Y = a cos 9 sin 9 d9 A 



(r 2 + a 2 ) d</> — a dv 



+ r dr A (a sin # deb — dv 



etc. Let us notice that the same procedure applied to equations (|4.9j) - (|4.1(Jj) leads to 

—7 4macos9 4m cos 9 (r 2 + a 2 ) ~ 

A = - dv 1 - d(p 

p z p z 



and 



— . / 4mr \ , Amar sin 2 9 
A' = — — -2) dv 



2 



VP 2 / P 

which are not equal to A and A' respectively. However, they are gauge equivalent and 
describe respectively the same fields F(R, Y) and F(R, *Y). 

We denote the conformal Killing tensors associated with Y and *Y by K^ v : = 
Y^Y KU} K'^ := *Y li K *Y KV and K% := \ (Y^ *Y KV + *Y^Y KV ) . Theorem El implies 
that K' and K" are conformal Killing tensors and, moreover, K is a Killing tensor. 
In Eddington-Finkelstein coordinates (with raised indices) they look as follows: 



a 2 r 2 sin 2 L „ r2 ^ ?" 2 00 a 2 A cos 2 9 

p 2 p 2 p 2 sm z 9 p 2 



2ar 2 _ _ 2a 2 (r 2 + a 2 )cos 2 o _ 2a 3 cos 2 _ _ in . 

+ ^ <9„®A + 5 4.13 

pi pi pi 

where a® s b := |(a® & + b® a), 

r _. a 4 sin 2 9 cos 2 _ _ a 2 cos 2 _ _ a 2 cos 2 _ _ r 2 A 

# = 5 Ou® <9„ 5 — <%<g> <9 . 2n O^(g) d$ H ^-d r ® d r 

p 2 p 2 p 2 sm z 9 p 2 

2a 3 cos 2 # _ 2r 2 (r 2 + a 2 )„ 2ar 2 

5 0t,®,0* + — ^—5 -d v ® s d r + -^-d r ® s d $ 4.14 

p z p z 

and 

CiT* COS { ! 

if" = = — a 2 sin 2 9 d v ® d v + d e ® d e + —^d^® d } + Ad r ® d r 

p 2 V sin^ 

+2ad v ® t d$ + 2(r 2 + a 2 )d v ® s d r + 2ad r ® s d^j . (4.15) 

In particular, the traces of our conformal Killing tensors are the following: 

-txK = trK' = 2 (r 2 -a 2 cos 2 9) , tr K" = -Aar cos 9 . 

The Killing tensor K^ v given in (|4.13jl is the one which was found in [3T] (see also jHj , 
[TU] . [HI|). The constant of motion K^ v p^p u along geodesies, given by 

g^ Pt y u p = 0, (4.16) 
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is called the Carter constant and it is indispensable for the full description of geodesies 
in Kerr spacetime (cf. jTH|, JE], Ej- [H])- In this context, our two conformal Killing 
tensors 13 K' and K" produce similar constants of motion along null geodesies. More 
precisely, (j2.11|) together with the geodesic equation ()4.16|) implies that for a null 
covector p and for any conformal Killing tensor K we have 

i.e. A^ u p^p v is a constant of motion along null geodesies. 



5 Conserved quantities bilinear in terms of spin-2 
field 

Let us start with the standard definition of the energy-momentum tensor for a Maxwell 
field F: 

T ™( F ) ■= ^ + F\ a F\°) = -L (f^FS - \g» v F ap F°^ . (5.1) 

The energy-momentum tensor T™(F) is symmetric, traceless and satisfies the follow- 
ing positivity condition: for any non-spacelike future- directed vector fields X, Y we 
have T™(F)X fl Y u > . Straightforwardly from the definition we get 

TP(F) = TP(F*) . (5.2) 
Moreover, if F is a Maxwell field then 

V%T(F) = 0, (5.3) 
and if X is a conformal Killing vector field then the quantity 

CQ EM (X,Y>-F) := / T™X»dE v 

defines a global conserved quantity for the spacelike hypersurface £ with the end at 
spacelike infinity. 

Let us restrict ourselves to the spacelike hyperplanes := {x G M : x° = t = 
const.}. We use the following convention for indices: (x M ) \x = 0, . . . , 3 are Cartesian 
coordinates in Minkowski spacetime, x° denotes a temporal coordinate and (x k ) k = 
1,2,3 are coordinates on the spacelike surface H t . If the quantity CQ EM (X, S t ) is 
finite for t = than it is constant in time. If we want to get a positive definite 
integral CQ EM , we have to restrict ourselves to the case of a non-spacelike field X. 
We can choose time translation Tq or time-like conformal acceleration /Co, where 

/C M := -2x^V + x^x/T^ (5.4) 

is a set of four "pure" conformal Killing vector fields which should be added to the 
eleven fields (|3.17|) and (|3.20j) to obtain the full 15-dimensional algebra of the confor- 
mal group. This way we get 

13 Unlike the Killing tensor K they seem not to be available in the literature in explicit form. 
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Theorem 7. There exist two conserved (time-independent) positive definite integrals 
CQ em (Tq, £ t ; F) and CQ EM (JCq, S 4 ; F) for a field F satisfying the vacuum Maxwell 
equations. 

Proof. This is a simple consequence of (|5.3J) and the traceless property of T EM which 
implies V 1 (T™ l X u ) = for any conformal Killing vector field X. □ 

Following ^2], for the Bel-Robinson tensor defined as follows: 

T™ KX ■= W^WSx" + W\ pKa W\ p x ° (5.5) 

= W WKrj W v \° + W wXa W/ R a - \g^g K xW aMS W a ^ s , (5.6) 

o 

where W is a spin-2 field, one can find a natural generalization of Theorem [7| which 
is a consequence of the properties similar to (|5.3|) . More precisely, T br kX is symmetric 
and traceless in all pairs of indices. Moreover, 

T BR (W) = T BR (W*) , 
and if W is a spin-2 field than 

V%Ta«W=0. (5.7) 
If X, Y, Z are conformal Killing vector fields then the quantity 



CQ BR (X,Y,Z,J: t ;W) := [ T^ Xk X^Y v Z x dS K 



defines a global charge at time t. The quantity T BR (X, Y, Z, T) is non-negative for 
any non-spacelike future-directed vector fields X, Y, Z, T whenever at most two of 
the vector fields are distinct. From the above properties we obtain an extension of 
Theorem [7| to the case of a spin-2 field W: 

Theorem 8. There exist four conserved (time-independent) positive definite integrals 

CQ BR (%,r ,r ,j: t ;W), CQ BR (ic ,T ,T ,i: t ;W), cq m (/c ,/c ,t ,£ 4 ; wo and * 

CQ BR ()C , /C , /C , S t ; W) for the spin-2 field W satisfying field equations \3. 7| ). 

Proof. Similarly as in Theorem [3 from ()5.7|) and the traceless property of T BR we get 
(T™ Xk X k Y u Z x ) = for any conformal Killing vector fields X, Y, Z. □ 

In j2H] a generalization of the above considerations led to the following functional: 



&(X,V;Q):= [ T™(F(W,Q))X»<m» (5.8) 

and according to Theorem 3 in [28J, the four conserved quantities CQ BR are contained 

in the functionals B. 

In particular, the functional 

O := / T EM (T ,T ,F(W,VAT ))d 3 x (5.9) 
Jv 
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has a positive integrand which is a natural candidate for a certain "energy density" . 
It contains only first (radial and time) derivatives of quasi-local variables describing 
linearized gravity. The functional Go is also very close to the reduced Hamiltonian 
proposed in 27J. They are proportional to each other after spherical harmonic de- 
composition (i.e. for each spherical mode). 



6 Density of "spin energy" for rotating black hole 

The ADM mass of the Kerr black hole (|4.2jl given by the quasi-local formula (|4.8|) 
equals m. On the other hand, the irreducible mass of the horizon (see [H], [Uj) is 
defined by the quadratic relation to its two-dimensional area Ah- 



M irr = \ — : — = -\/ri + a 2 = - \/ 2mr + . 
V 16vr 2 V + ^ 2 V + 

The energy M irr plays the role of a lower bound in Penrose inequality (cf. [S], jHH]) 
and never decreases according to the second law of black hole physics (see e.g. [T7j 
or [22] )• The difference between total ADM mass m and the irreducible mass M irr is 
often interpreted as rotational energy 



M rot := m — Mi rr = m ( 1 — y - — J ~ a /8m . 

Contrary to Mi„ the energy M ro t is accessible by reversible transformations like the 
Penrose process which takes place in the (ergo-) region 14 between event horizon 
and ergo-surface 15 . 

The two-form (|4.7j) . previously used in Section HI to obtain the quasi-local mass, 
may be also applied to the construction of a quadratic functional (|5.9|) denoted by 
0o- Let us consider an auxiliary Maxwell field / which is a solution of the vacuum 
Maxwell equations on the Kerr background and is given by 

, 2a 2 r sin 6 cos 6 ,„ , r 2 — a 2 cos 2 6 , 
f aux = F(R } *Y)/4m = t d6* A dt + dt A dr 

2ar sin^cos^fr 2 + a 2 ) , , 
+ ^ d0 A d# 

P 

a sin 2 6(r 2 — a 2 cos 2 6 1 ) , . 
+ -drAd<f). (6.1) 

The density of the energy built from / and corresponding to the integrand in the 
functional 0o takes the following form 

SemU) = V=gT%(f) = ^(E 2 + J B 2 ) = ^31 f^EkEh + \B kl B mn g km gA , 



14 Usually called ergosphere which is completely misleading because it is not a sphere. 

15 It is given by the largest root of A(r) = a 2 sin 2 #, usually called the stationary limit surface. 
Moreover, the instantaneous ergo-surface is a two-dimensional manifold with spherical topology and 
conical singularity on the axis (9 = 0, n) (cf. 
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where the energy-momentum tensor T is given by f)5.1j) . Ek = fok and Bki = fki- 
Formula (|5.1jl implies that the tensor / and its dual field 

„,„ , asin6> (r 2 — a 2 cos 2 6 l ) , ,„ 2arcos# , 

* f aux := F(R, Y) Am = ^ dt A d9 + dt A dr 

P P 

sin9 (r 2 + a 2 ) (r 2 — a 2 cos 2 9) ,„ 

+ ^ d# A d0 + 

P 4 

2a 2 r cos 6* sin 2 9 , , , , . 

+ s dr A d(/> 6.2 

P 

give the same density £em- 

For / aux given by ()6.1|) we get the following non- vanishing components: 

r 2 — a 2 cos 2 2a 2 r sin (9 cos # 

a sin 2 (r 2 — a 2 cos 2 0) 2ar sin# cos#(r 2 + a 2 ) 

B r A, = ; , Bfj 



and finally 



sinfl (r 2 + a 2 ) 2 + a 2 Asin 2 # 

SEMI.!) - ~ oTl~, 2Y2 OA • 2a " 

8np 2 (r 2 + a 2 ) 2 — a 2 A sin 9 

Our aim is to show that the "spin energy density" coming from functional (J5.9)) is 
just the rescaled density (|6.3j) . For this purpose let us consider another Maxwell field 
(proportional to /) 

F r ot C(ot) —f aux j 

V2 

where a := a/m and the rescaling function C(a) will be specified in the sequel. 
Obviously (|6.3j) gives 

C 2 a 2 sin 9 (r 2 + a 2 ) 2 + a 2 A sin 2 g 
£ro ' ( )_ 167rp 2 (r 2 + a 2 ) 2 -a 2 Asin 2 £- ( } 

Integrating density e rot (F) outside of the horizon we obtain a total "spin energy": 



OC 



M rot = 2n / dr / d9s rot . (6.5) 

Jr + JO 

Using in the integral (|6.5|) new variables y = r/m and x = cos 9 it is easy to rewrite 
it in the form 

M rot = - — *(a) , 
8m 



where 



/ d f 1 dx (y 2 + a 2 ) 2 + a 2 (y 2 -2y + a 2 )(l-x 2 ) 

h+VT^ V J- 1 y 2 + a 2 x 2 (y 2 + a 2 ) 2 -a 2 (y 2 -2y + a 2 )(l-x 2 ) ' 1 ' ' 
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The "constant" C is denned by the relation which expresses a balance of the energy: 



m = M irr + M rot . (6.7) 
Hence 



C' 2 = — ^ t~ t '- ■ (6.8) 

The integral ()6.6|) . which is not elementary, may be easily approximated with the 
help of symbolic software like Mathematica or Waterloo Maple and it gives as 
follows 

, s a 2 33 a 4 3059a 6 835171a 8 qx 

*(a) = 1 + — + + + + O a 9 , 

v ; 4 280 43200 17297280 v ; 



l+Vl-a 2 

2 J 5 a 2 21a 4 429 a 6 2431a 8 , .,. 

1 + + — — + — — + — — + 0(a 10 ) 



a 2 16 128 4096 32768 

and 

a 2 1061a 4 397907 a 6 245297388031a 8 9 
+ 32 + 71680 + 44236800 + 39675808972800 + ^ ' ' 

However, for a = the integral (j6.6J) is elementary and gives ^(0) = 1 = C(0). 
Formula (|6.4j) together with ()6.8|) defines uniquely the "spin energy density" coming 
from ()5.9|) and compatible with ()6.7|) . 



A Conformal rescaling of CYK tensors 

In this section we will be dealing with conformal transformations and their impact on 
conformal Yano-Killing tensors. Since most of the considerations here are independent 
on the dimension of a manifold, we will not restrict ourselves to spacetime of dimension 
four. We assume that we are dealing with n-dimensional manifold and that this 
manifold has a metric g (signature of g plays no role). 

Let r a Mi/ denotes Christoffel symbols of Levi-Civita connection associated with the 
metric g. We have: 

rV = \g aP (g^u + gpw - g mf) ). (A.l) 

Let g be conformally rescaled metric, i.e. g^ v := VPg^ (and what follows, g^ u := 
Vl~ 2 gV u ), where Q is a certain positive function (Q > 0). We will denote Christoffel 
symbols of this metric by T 01 ^, and covariant derivative associated with them by V M . 
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Obviously, for and T a ^ we have 

f a iiv = ^g al3 (g/3^,u + 9/3u,p — 9nv,p) 

= V 2 ^ {{^QfiM + (flV)* + (^V) i/3 ) 

= T% u + V 2 ^ ((^ 2 ),^ + (fi 2 ),^ + i^ 2 ),p9,u) 
= T\ u + g al3 {U jV g Plx + + U miu ) 

= rV + 5%^ + - ^E/^ , (A.2) 

which is analogous to (|A.1J) . Here U := logfl Using the formula (|A.2j) and the 
following identities: 

V \i-X-isp X V p ^ X a pT V p X ua V pp , (A- 3) 



V n^C V p X V pp X a pV U p X ua V pp (A- 4) 

(which are true for any tensor Xp U ), we get: 

V^X^p = VpX up — XppU^ u — X U pU )P — 2X up U i p + 

+ g^Up (X ap gp U + X^ p ) . (A.5) 

We will now prove the formula (|2.9|) . Let us introduce the following notation: 

Q fa , = rf i Q f »>> ( A - 6 ) 

fp:=^V M g, p . (A.7) 
Using the formula (|A.5|) . we can rewrite the formula ()A.7|) in the following form: 

i P = ~g^pQ up - Tg^QppU^ + n~ 2 g^g a PUp [Q ap gp V + Q va g^ 
= g^VpQ.p - 3g^Qp P U, u + g a/3 U,fs (nQ ap + Q va S" 



p 



r u V»Qv P + (n - 4)gTQ w U, v 
n- 2 g^Vp{^Q vp ) + (n - A^QppU, 
WVpQ„p + n- 2 g^(n 3 ) : pQ up + (n- 4)n g ^Qp P U„ 

n^p+(n-l)g^Qp P U u ), (A.8) 
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where £ p := g^V yQ vp - The last equality in (|A.8|) is a result of the following identities: 
tt- 2 (tt 3 )^ = 3Q )A( = 3fi(logfi)^ = 3fttf M . Using the formula (fA~5|) for Q we get: 



p^Cvp 



n 3 



^ fiQup QupU^ QupU^p Qp,pU^ u 
+g al3 U : p(g IMU Q ap + gppQ va 
and what follows: 



^pQup + V„Q 



p^Cvp 



Q 3 



^nQup + VpQvp + g aP u^g^Q ap + 



QpvQap, ^g ppQ ua 

Formulae (|2~Tj) . (lA~8j) and (jXlOj) imply that 
Qpisp(Qi9) = ^pQpv + ^pQpu 



n 



^ pQ tiv V nQpu 



n — 



= ^ 3 Qpup(Q,g), 

which proves the formula E 



(A.9) 



(A.10) 



(A.ll) 



B Integrability conditions for the CYK equation 

For a manifold M equipped with metric tensor g pu and for any tensor field Q pv on M 
the following equality holds 



Q\K\up Qxk;^!/ QokR Xup QxtjR Kvp , 



(b.i; 



where R^ upa is Riemann tensor of metric g pu . Obviously we assume that Q is skew- 
symmetric which implies that 

= Q Xk - m - Q Ak ;k a = 2Q K °R aK = 0. (B.2) 

Changing the names of indices we write (jB.l|) three times: 

Qxn;up Qxn;pv QctkR Xvp QxcrR Kup j 

QpK;Xu Q pn;vX QokR pXu Q \lcjR kXv i 
Qun;pX Qun;Xp QctkR upX QucrR KpX ■ 

We add the first equation, subtract the second one and finally add the third equation. 
Hence we obtain 

Qxn;vp Q\K\pu Q pn;Xu QpK;uX Qvn;pX Qvn;Xp, 

2Q Xn\vp, \QxK;p. Qp,K\X)\u ~\~ \Q pn;u Quk;p );A — (Q X + Qxk 
= QcrxR npu 4" QcrpR kXu 4" QcruR nXp 4" 2Q aK R puX ■ (^-3) 
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In the last equality we used the standard property of curvature tensor: R a [^ v \] = 0. 
Definition ()2.1|) applied to the terms in brackets in the above formula implies 

~^~Q<jxR Kfiu QcrfiR kXu QcruR nXfj, ^QokR fj,uX 

(B.4) 

where the covector = V x Q\ fl (cf. (12.6(0 . Hence for a CYK tensor Q we obtain 

(El- 
Contracting (jB.4|) with respect to indices fi and v and using the basic properties 
flOJ of Q we get 

2 1 n — 4 

Qx K '%+R\xvQ^+Q™R a x+ r£ (K: A)+ rg.xe^ = VQ^a T £ Ki \. (B.5) 

n — In — 1 n — 1 

Formulae (|2.1fjjl and ()B.5j) imply the following equation for a CYK tensor Q: 

V^Q AK = ir^Q*" - Rai.Qxf (B.6) 

for dimM = 4. It is interesting to point out that for compact four-dimensional 
Riemannian manifolds equation (jB.6|) is equivalent to Definition ^ 

Theorem 9. Let M be a compact (without boundary) Riemannian manifold with 
dimM = 4. Then a two-form Q is a CYK tensor iff 

V^V^Qak — R° kX^Qcj^ + Ra[xQn] a ■ 

Proof. We need to show that equation (jB.6J) implies Q\ K ^(Q,g) = 0. 
Similarly to (J2.16j) we derive 

l^-x) + \g»xC >v - R*(»Qxf + ~ V CT Qxafi = , 4£% + VQ^g^ = , 

,16 



which together with (jB.2|) and (jB.5|) gives 

V%Q A « + R\x»Q\ + R* [K Qxf = V^Q^a + \v°Q KaX . (B.7) 
Contracting the above equality with Q and assuming equation (|B.6j) we get 

o = (Vg MK A + l -v°Q Xa ^j Q kX = (Q^ k xQ kX ) - Q^x^Q kX 

= ^(Q, kX Q kX )+^Q Xk ,Q x ^. (B.8) 

Finally, we integrate the above formula over M, a total divergence drops out, and the 
integral / \/det gQ\ Kfl Q XKt * vanishes. This implies Q Xk ^ = 0. □ 

J M 

A similar result holds for a p-form Q in 2p-dimensional M (see |38j). 
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For a CYK tensor Q formula (|B.7|) obviously gives equation IB. 6 
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B.l Miscellaneous results 

It is worth pointing out that equation (jB.6|) can be derived 17 from a variational prin- 
ciple 8 I C = 0, where C[Q] = ~ \/drtgQ\ K »Q XKtM {Q, g). 

J M 4 

Equation (|B.6)1 for Ricci flat metrics gives 

2V*V m Q„a = 2R\ Xfl Q^ = R^Q^ = F kX (W,Q) 
and, in particular, it is true for Q = Y in Kerr spacetime. Moreover, 

-F, U (W, Y)Y>» = = 2 7 = g(d t , 8t) + 1 
4 p l r z + a z cos 1 1) 

gives a nice density in Boyer-Lindquist coordinates: 

y/^gF^W, Y)Y flu = 8mr sin 9 . 

A complex-valued function ( := r + tcos6 enables one to write some objects in 
Kerr spacetime in a compact form like the Ernst potential £ = 1 — 2m/( or Newman- 
Penrose scalar = ~m/( 3 (cf. jUJ), where by ( we denote the complex conjugate 
i.e. ( := r — tcos8. In this context in Eddington-Finkelstein coordinates we have 

y + z*y = —t( d( A (dv — a sin 2 6* d0) + (( 2 sin 6* d# A d0, 



if' + ztf" = ^— ^ (a 2 sin 2 9 d v ® d v + do® do + -t4tj3?® + 2ad v ® s d i 
2Q \ sin 6/ 

+ 1 (A«9 r <g> <9 r + 2(r 2 + a 2 H® s «9 r + 2ad r ® s d $ ) 
2(, 



and, in particular, tr (if' + iK") = 2( 2 = 
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